The 3-3-1 model, based on the gauge group SU (3) c × SU (3) L × U (1) X , makes a natural prediction of three generations based on anomaly cancellation. Since this is accomplished by incorporating the third family of quarks differently from the other two, it leads to potentially large flavor changing neutral currents. A sensitive place to look for such effects is the flavor changing b → sγ decay, which has recently been measured at CLEO. We compute this decay rate in the 3-3-1 model and compare it with that of the two-Higgs-doublet model, a subset of the full 3-3-1 model. We find that the additional 3-3-1 physics weakens the bound on the charged Higgs mass from M H + > 290 GeV
I. INTRODUCTION
Since most indirect effects of new physics first enter at the loop level, they are often dominated by tree level Standard Model (SM) contributions. It is for this reason that only now, with the advent of precision electroweak measurements, we are beginning to probe the structure of new physics. However an exception to this approach is the process b → sγ.
Since this Flavor Changing Neutral Current (FCNC) process first occurs at loop level in the SM, we have an interesting case where the effects of new physics may be comparable to the SM contribution.
On the experimental side, CLEO has recently announced a measurement of the inclusive decay rate [1] BR(b → sγ) = (2.32 ± 0.51 ± 0.29 ± 0.32) × 10 −4 , (1.1)
where the final two errors are both systematic in nature. This translates into 2) at the 95% confidence level. While there are still substantial theoretical uncertainties in the SM prediction for b → sγ (mostly related to unknown next leading order QCD corrections [2] ), this experimental value agrees well with a standard model prediction of (2.75 ± 0.80) × 10 −4 with a top quark mass m t = 175 GeV [2] [3] [4] [5] .
The sensitivity of this FCNC process to new physics thus allows us to put limits on many theories of physics beyond the SM [5] . In this paper we examine the implications of the b → sγ penguin on the 3-3-1 model [6] . This model, based on the gauge group SU(3) c × SU(3) L × U(1) X , gives a potential answer to the question of flavor by predicting three families as a consequence of anomaly cancellation. This is accomplished by making one of the three quark families transform differently from the other two under the SU(3) L ×U(1) X extended electroweak gauge group. Hence this model suffers generically from large FCNCs [6] [7] [8] , leading to a possible large enhancement of the b → sγ decay rate.
While the 3-3-1 model predicts no new leptons, it predicts one new quark per family, denoted here by D and S with charge −4/3 and T with charge 5/3 [6] . These quarks interact with the ordinary quarks via the charged dilepton gauge boson doublet, (Y ++ , Y + ).
In addition, there is a neutral Z ′ gauge boson with flavor changing couplings to the usual quarks. Thus there are new processes contributing to b → sγ incorporating Y -new quark loops as well as flavor changing Z ′ loops. Although many Higgs multiplets are necessary in order to break the 3-3-1 gauge symmetry, we show that it is only necessary to look at an effective two-Higgs-doublet model.
An unusual feature of the 3-3-1 model are the strong bounds placed on the masses of the new particles. Of present interest is the bound 300 < M Y < ∼ 1100 GeV [9, 10] which indicates that the 3-3-1 contributions to b → sγ may not be suppressed by simply increasing the 3-3-1 scale, M Y .
As is well known, QCD corrections lead to an important enhancement of the b → sγ decay rate in the SM. Thus, when examining the additional contribution from the 3-3-1 model, we divide the calculation into two parts. In section 2, we calculate the new electroweak penguin diagrams associated with the 3-3-1 model, and in section 3, we examine the effects of QCD running from the 3-3-1 scale to b-quark scale. In section 4 we combine the results of the previous sections and examine the implications of the current CLEO bound on the 3-3-1 model. Finally we present our conclusions in section 5.
II. ELECTROWEAK PENGUINS IN THE SM AND 3-3-1 MODEL
Although the 3-3-1 model contains tree level FCNC interactions mediated by Z ′ exchange, the decay b → sγ remains a loop process in this model. Thus we expect the additional 3-3-1 contributions to b → sγ to be at most comparable to the SM penguin diagram. These new 3-3-1 contributions arise from dilepton gauge boson Y , Z ′ and charged Higgs loops. At one-electroweak-loop order, all these contributions add linearly to the b → sγ amplitude.
Hence we consider them one at a time.
In the gauge sector all lowest order contributions to b → sγ are given by the penguin diagrams of Fig. 1 where
Since all charged gauge bosons contribute similarly, we first calculate the effective b → sγ vertex for an arbitrary left handed gauge boson loop and subsequently specialize to W or Y loops. The Z ′ contribution is calculated separately since it involves flavor changing vertices.
For a left handed gauge boson V , the diagrams of Fig. 1 give rise to an effective vertex
where q µ is the momentum carried by the photon. While gauge invariance of the photon demands a vanishing F nAb , we will see that this arises in a subtle manner in the 3-3-1 model.
We work in Feynman gauge and ignore the light quark masses. Then, for a single fermion of mass m in the loop, we find the on-shell form factors
2)
For later convenience, we have defined the functions
In the above form factors, Q is the charge of the fermion in the loop and Q V is the charge of the gauge boson. In the SM, only the W loop is present, in which case Q = 2/3 and
After summing over all three families, the constant terms in Eqn. (2.2) vanish by the GIM mechanism while the non-constant terms agree with the expressions given by Inami and Lim [11] .
Prior to imposing the GIM mechanism, the gauge non invariant term F nAb is present.
In Feynman gauge, to the same order as above, we find
where
4πµ 2 in dimensional regularization. We note that F nAb is independent of the mass m of the quark propagating in the loop. Thus, assuming generation universality as in the case of the SM, it drops out of the final expression because of the GIM mechanism.
When we take QCD corrections into account we need to calculate the induced b → sg penguins as well. The above form factors are also valid for the gluon penguin provided we set Q = 1 and Q V = 0 and replace e by the strong coupling g 3 T a . For on-shell interactions, F 1 is unimportant and we are left with the dipole terms given by F 2 . By convention, we now denote the coefficient of such photon and gluon dipole terms by C 7 and C 8 respectively [4] . In the case of a W loop, we take the GIM mechanism into account and assume a heavy top quark. In this case the photon and gluon dipole coefficients become
W . This is the only contribution in the SM. In the 3-3-1 model, we need to include the contributions from the dilepton-heavy quark loops. In this case, there is a generalized GIM mechanism which replaces the standard case in the SM. Denoting the unitary mixing matrix in the down quark sector by V L with elements v ij [7] , we sum over all three families (exotic quarks D, S and T ) to find
Unlike the SM contribution, where we ignore masses of the first two families, in this case phenomenology dictates that all exotic quarks are heavy. The gluon penguin has the same form as in the SM since QCD is insensitive to the electric charges of the quarks and gauge bosons in the loop. On the other hand, the second line in Eqn. (2.6) is present because the third family couples differently. This is already well known for the tree level Z ′ couplings. However we see here that generation non-universality also appears in dilepton loop diagrams.
We note that this imperfect GIM cancellation has a couple of consequences. 
This, however, is cancelled by the Z ′ FCNC vertex induced by γ-Z ′ mixing as shown in Fig. 2 [12]. Since this diagram does not contribute to the dipole form factor, its only purpose for the present discussion is to eliminate the unwanted F nAb , and can otherwise be ignored.
Finally, the diagrams with a Z ′ in the loop also contribute to b → sγ due to the flavor changing Z ′ couplings. In this neutral current case, since the quark in the loop is light, we ignore its mass and find
where s 2 = 1 − c 2 = sin 2 θ W arises from the Z ′ coupling to quarks [7, 13] . In principle, this introduces yet another scale into the problem, namely M Z ′ . Since the Z ′ is considerably heavier than the dileptons, we would in principle need to worry about all three heavy scales,
and M W (in addition to heavy quark thresholds) when including QCD corrections.
However, as a simplification we ignore the difference between the two 3-3-1 scales since the QCD running effects are less pronounced at higher energies. In this case, we find it convenient to rewrite the Z ′ contribution to change the mass scale in the effective vertex, Eqn. (2.1),
, we arrive at
As in the SM, the generalized rho parameter, ρ 3-3-1 , depends on the specifics of the extended Higgs sector. Assuming an approximately diagonal family structure, since only loops involving the top quark are important, we only consider the third family Higgs boson couplings. In this case, the scalar contribution is equivalent to that of an ordinary two-Higgs-doublet model (at this level of approximation), with the well known result
In this case, y t = m 
This shows explicitly that the 3-3-1 contributions are suppressed by the higher dilepton mass scale. Nevertheless, as shown in the next section, the 3-
is quite large because of the family non-universality. This and the upper bound on M Y ensure that the new 3-3-1 effects are generally of the same order as that of the SM and cannot be ignored.
III. THE EFFECTIVE HAMILTONIAN AND QCD CORRECTIONS
In the SM, the QCD corrections to b → sγ soften the GIM mechanism to yield a logarithmic GIM cancellation. This effect leads to an enhancement of the b → sγ rate of about a factor of three. For the 3-3-1 model, however, the generalized GIM mechanism present in dilepton exchange diagrams, Eqn. (2.6), is imperfect, even in the absence of QCD corrections. Thus in this case, additional QCD corrections are not expected to dominate the 3-3-1 contribution to b → sγ. Nevertheless, we include them here for completeness.
We deal with the QCD corrections using the standard technique of integrating out the heavy degrees of freedom at each scale, using the renormalization group approach with effective hamiltonians. We work with three scales, m b , M W and M Y , where the latter two can also be thought of as the electroweak and the 3-3-1 scales respectively. Starting at M Y , we first integrate out the 3-3-1 degrees of freedom, and then at M W integrate out the W and top simultaneously 2 . Since the running between M W and m b has been extensively studied, we use the well known results of the leading order calculation [4, 16, 17] and generalize them to take into account additional operators present in the 3-3-1 case.
A. The effective Hamiltonian for
Below M Y , we integrate out both dilepton and Z ′ loops, yielding an effective Hamiltonian 
Color non-singlet channels are indicated explicitly via the color indices α and β. Since we are effectively above m t , the sums are over all six quarks.
The Wilson coefficients, C 
We have assumed negligible mixing to the first family so that v * 2s v 2b ≈ −v * 3s v 3b . This is also the reason why the exotic D quark does not appear. Although we take ρ 3-3-1 = 3/4 for our numerical results, it is shown explicitly above to indicate that those terms are due to Z ′ exchange.
The Z ′ induced terms arise where one vertex gives the b → s flavor changing interaction and the other vertex is flavor conserving. However, since the left handed Z ′ interaction is non-universal, it singles out one of the families for special treatment. Up to small mixing (which we ignore), it must be the third family [7, 8] , which is why the third family operators (M Y ) in Fig. 3 . From the figure, it is obvious that the generalized GIM mechanism is quite different from the ordinary case.
Instead of vanishing as in the usual case, the Wilson coefficient takes on its largest values when the exotic quarks are relatively light and degenerate in mass. Since the functions f 1 and f 2 are bounded by 0 ≤ f 1 (x) ≤ 1/4 and −1/2 ≤ f 2 (x) ≤ 0, we find the limits 
However, since we have included a larger set of operators in H 
and we only take five active quarks in O 3 through O Q 6 . At M W , the Wilson coefficients get contributions both from integrating out the top and from matching onto H 3-3-1 eff . We find
where χ = v * 3s v 3b /V * ts V tb is the ratio of 3-3-1 and SM mixing angles. The SM coefficients include the contributions from the two-Higgs-doublet model and are given by
IV. THE b → sγ RATE AND LIMITS ON 3-3-1 PHYSICS
Once the 3-3-1 and SM matching conditions, Eqns. (3.3) and (3.8), are given, it is straightforward to solve the renormalization group equations to arrive at C 7 (µ). The b → sγ decay rate is then calculated in the ratio From now on we focus on C 7 (µ) instead of the branching ratio since the SM W -t, H + -t and new 3-3-1 contributions may simply be added together in the amplitude (this will always be true, even with higher order QCD corrections, as long as we work only at the one-electroweak-loop order).
The 3-3-1 model introduces many new parameters into the b → sγ calculation. Explicitly, we write 
This range is given by the dotted lines in Fig. 5 , assuming χ = 1. The actual predictions for degenerate exotic quarks are given by the solid lines in the figure.
While the mixing parameter, χ = v * 3s v 3b /V * ts V tb is in principle undetermined, we expect both the numerator and denominator to be comparable, giving a value |χ| ∼ O(1). Unrealistic cases of vanishing mixing in the down quark sector (V L = 1) and up quark sector (U L = 1) give χ = 0 and 1 respectively. In order to put an experimental limit on χ, we may use the neutral meson mixing data to restrict the product of 3-3-1 mixing angles to be |v * 3s v 3b | ≤ 0.25 at 90% C.L. [7] . This gives the bound |χ| ≤ 8.3, although values near the upper bound may be somewhat unnatural from a theoretical point of view.
As in the two-Higgs-doublet model, the additional contribution from the 3-3-1 model, ∆C 7 (µ), always enters with the same sign. However, unlike the charged Higgs contribution which always increases the b → sγ rate, the effect of the new 3-3-1 contribution depends on the quark mixing parameter χ. From Eqn. (4.6) we see that χ > 0 (< 0) leads to a suppression (enhancement) of the overall b → sγ decay rate. In general, when χ is complex, the results lie somewhere in the middle. This feature seems to be shared with other models incorporating two Higgs doublets. Namely, while the charged Higgs loop alone always increases the b → sγ decay rate, the additional new particles, whether superpartners in the SUSY case or dilepton gauge bosons in the 3-3-1 model, contribute with arbitrary sign and may compensate for the increase arising from the Higgs loop. This is also the case for radiative corrections to the Z → bb vertex.
In order to examine how the new 3-3-1 physics weakens the b → sγ limits on the pure two-Higgs-doublet model, we plot the allowed region in the tan β-M H + parameter space in Fig. 6 . In this case we have fixed the top quark mass to be 175 GeV. The solid line corresponds to the two-Higgs-doublet model and shows that M H + > 290 GeV for the case m t = 175 GeV. In arriving at this limit we have estimated the theoretical uncertainty by varying the QCD scale µ from m b /2 to 2m b . As noted previously, the limits are insensitive to tan β when tan β > ∼ 1. Inclusion of 3-3-1 physics with |χ| ≤ 1 lowers this bound as indicated by the dotted lines in the figure. For a dilepton gauge boson mass M Y = 300 GeV, the corresponding limit on the charged Higgs mass is weakened to M H + > 120 GeV for light exotic quarks. The 3-3-1 limits correspond to real positive χ, which is the region of maximum cancellation between the charged Higgs and dilepton gauge boson loops. Larger values of χ naturally weaken the limits further. However the further we are below the two-Higgsdoublet limit (solid line), the more tuning is required between the two-Higgs-doublet and 3-3-1 parameters to achieve large cancellations. Thus from a naturalness point of view, we expect the charged Higgs mass in the 3-3-1 model to be no lighter than ∼ 120 GeV.
V. CONCLUSION
Because it is a loop process, the FCNC decay b → sγ presents an interesting test of both SM and new physics. In the SM, this process is GIM suppressed and proceeds through a heavy top quark. While the theoretical calculation suffers from large uncertainties due to unknown next to leading order QCD corrections, it is in excellent agreement with the current CLEO data [1] . Nevertheless, at the present level, the results are not yet sensitive to m t in the SM, as may be seen from 
APPENDIX: THE ANOMALOUS DIMENSION MATRICES
At leading order, the renormalization group equation for the Wilson coefficients C(µ) is
and α 3 (µ) ≡ g 
where η = α 3 (M)/α 3 (µ). For consistency at this order, the running of α 3 (µ) is only calculated to one loop. In this notation, γ
For the extended operator basis of Eqn. (3.2), we write the scheme independent anomalous dimension matrix in the form
Then, for u up and d down type quarks, we find 
The mixing of the penguin operators are given by
For γ 4P , we use the scheme independent formalism of [17] (which, at this level, is equivalent to using the 't Hooft-Veltman regularization scheme). The result is
)e d C 2 3S 2 + )e d C 2 3f S 2 + 2( 
where S 2 = 1/2. 
